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Abstract 

The interaction between the material and the vibrating screen during the screening 
process was considered, and a study was conducted on the dual-rotor vibrating screen 
under material impact. The differential equation of motion of the system is established 
by using the generalized Lagrange equation, the steady-state amplitude response of the 
vibrating body is solved. Combined with the coupling effect of vibrating body and 
material, the impact equation and boundary conditions of the system are established, 
and the general solution of nonlinear disturbance and Poincaré mapping cross section 
of the system are obtained. The nonlinear dynamic characteristics of the system under 
material impact were described using numerical analysis. The results show that with the 
increase of the mass ratio of material to vibrating body, the motion of the system doubles 
from stable single-periodic motion to multi-periodic motion, finally evolves into chaotic 
motion. The study reveals the nonlinear dynamic characteristics of the dual-rotor 
vibrating system under material impact, providing guidance for the design optimization 
of vibrating screens. 
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1. Introduction 

During the screening process of materials, material impact may have an impact on the 
synchronization and stability of the vibration system [1]. Especially when the mass of the 
material is large, it is easy to cause sudden changes in the velocity of the vibrating body and the 
phase difference of the eccentric rotor. Therefore, an in-depth study of the coupling effect 
between the material and the vibration system, revealing the working principle of the system 
has important scientific significance and engineering value for optimizing the design of 
vibration machinery. 

At present, some scholars have conducted researches based on the interaction between 
material and vibrating body. Kong et al. [2-3] analyzed the motion state of materials under 
different vibration conditions based on Coulomb friction law and collision principle, and used 
an improved multi-modal incremental harmonic balance method to comprehensively study the 
interaction between friction and material impact, revealing that the interaction between 
materials and vibrating feeders cannot be ignored. Wang et al. [4-5] used a discrete-finite 
element method (DEM-FEM) for data coupling to determine the response of the screen mesh 
under impact force, and obtained the stress and deformation distribution on the surface of the 
screen mesh under material action. They proposed effective methods to reduce the impact force 
and optimized the layout of the support beam. Huang et al. [6-7] combined cross-coupling 
control strategy with adaptive global sliding mode control algorithm to study the speed and 
phase synchronization control problem of the two eccentric rotors in the variable load torque 
nonlinear vibration system. They further applied the ACCC strategy and AGSMC algorithm 
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controller to the multi-exciter vibration system considering material effect and improved the 
control accuracy, achieving zero phase difference synchronization of adjacent exciters. Hou et 
al. [8-9] studied the stability of the dual-rotor vibration system considering material effect, 
analyzed the law of action of materials with different masses, and verified the vertical 
amplitude response of the vibration body through experiments. Although the impact of 
materials on the vibration system has been studied, considering the double eccentric rotors as 
a stable rotating motion or keeping them synchronized through control methods ignores the 
interactive effects of material impact. In addition, under the actual working conditions, the 
vibrating body will vibrate both vertically and horizontally. Only the vertical amplitude 
response of the vibrating body is limited, and the corresponding phase of the material at each 
moment under the impact force is not clearly explained. 

The purpose of this study is to conduct a comprehensive analysis of the nonlinear dynamic 
behavior of a three degree of freedom vibration system. By studying the periodic collision 
behavior between materials and vibrating bodies, the impact of material impact on system 
synchronization and stability is revealed. Based on the nonlinear dynamics theory of vibration 
systems, this paper explores the motion laws of materials and vibrating screens during their 
interaction, providing a theoretical basis for the further development and design of vibrating 
screens 

2. Dynamic model of vibration system 

The dynamic model of dual-rotor vibration system under material impact is shown in Fig. 1(a). 
This system is composed of a box, vibration motor, supporting springs, and base, among others. 
The two eccentric rotors are respectively driven by a vibration motor with a set speed of 
ωm(rad/s) and perform reverse rotation. The distance between the system centroid and the 
motor axis is li(m); The inclination angle of the motor is β(rad); The instantaneous phase angle 
and eccentricity of two eccentric rotors are φi(rad) and ri(m); The inclination angle between 
the screen surface and the horizontal angle is δ(rad). The system motion includes horizontal 
vibration x and vertical vibration y, as well as oscillation around the center of mass ψ. The box 
body is connected to the base through a support spring and the mass of the box body is m0(kg); 
The spring stiffness coefficient and damping coefficient are expressed as kj and fj, respectively 
(j=x, y, ψ). In addition, the material is considered as a mass block acting on the sieve, with a 
mass of mw (kg). 

 
Fig. 1. (a) Dynamic model; (b) Coordinate transformation method 
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As shown in Fig. 1 (b), set three coordinate systems: fixed coordinate system, moving 
coordinate system, and rotating coordinate system. After converting from a rotating coordinate 
system to a fixed coordinate system, the eccentric rotor coordinates are represented as: 

𝛷1 = [
𝑥 + 𝑟1 𝑐𝑜𝑠( 𝜑1 + 𝜓) − 𝑙1 𝑐𝑜𝑠( 𝛽 −𝜓)

𝑦 + 𝑟1 𝑠𝑖𝑛( 𝜑1 +𝜓) + 𝑙1 𝑠𝑖𝑛( 𝛽 − 𝜓)
]；𝛷2 = [

𝑥 − 𝑟2 𝑐𝑜𝑠(𝜑2 − 𝜓) + 𝑙2 𝑐𝑜𝑠( 𝛽 + 𝜓)

𝑦 + 𝑟2 𝑠𝑖𝑛(𝜑2 − 𝜓) + 𝑙2 𝑠𝑖𝑛( 𝛽 + 𝜓)
]  (1) 

    

Here, take q=[ x, y, ψ, φ1, φ2]T as the generalized coordinate matrix of the system, and Q=[0, 0, 
0, Me1-Re1, Me2-Re2]T as the generalized force matrix of the system. The kinetic energy T, 
potential energy V, and dissipative energy D at system stabilization are expressed as: 

𝑇 =
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2 +
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2 +
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2 +
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2 +
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The generalized Lagrange equation is introduced to establish the differential equation of 
motion of the dynamics model: 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕𝑞̇𝑖
) −

𝜕𝑇

𝜕𝑞𝑖
+

𝜕𝑉

𝜕𝑞𝑖
+

𝜕𝐷

𝜕𝑞̇𝑖
= 𝑄                                                    (3) 

Take M=m0+m1+m2+mw as the total mass of the system, substituting kinetic energy T, potential 
energy V and dissipated energy D into Lagrange equation, the system dynamics equation can 
be obtained: 

𝑀𝑥̈ + 𝑓𝑥 𝑥̇ + 𝑘𝑥𝑥 = 𝑚1𝑟1(𝜑̇1
2 𝑐𝑜𝑠 𝜑1 + 𝜑̈1 𝑠𝑖𝑛𝜑1) − 𝑚2𝑟2(𝜑̇2

2 𝑐𝑜𝑠𝜑2 + 𝜑̈2 𝑠𝑖𝑛𝜑2) 

𝑀𝑦̈ + 𝑓𝑦𝑦̇ + 𝑘𝑦𝑦 = 𝑚1𝑟1(𝜑̇1
2 𝑠𝑖𝑛𝜑1 − 𝜑̈1 𝑐𝑜𝑠 𝜑1) + 𝑚2𝑟2(𝜑̇2

2 𝑠𝑖𝑛𝜑2 − 𝜑̈2 𝑐𝑜𝑠 𝜑2) 

𝐽𝜓̈ + 𝑓𝜓𝜓̇ + 𝑘𝜓𝜓 = −𝑚1𝑟1𝑙1[𝜑̇1
2 𝑠𝑖𝑛( 𝛽 +𝜑1) − 𝜑̈1 𝑐𝑜𝑠( 𝛽 + 𝜑1)] 

                          +𝑚2𝑟2𝑙2[𝜑̇2
2 𝑠𝑖𝑛(𝛽 + 𝜑2) − 𝜑̈2 𝑐𝑜𝑠( 𝛽 + 𝜑2)] 

𝐽01𝜑̈1 +𝑓1𝜑̇1 = 𝑇𝑒1 −𝑚1𝑟1(𝑦̈ 𝑐𝑜𝑠𝜑1 − 𝑥̈ 𝑠𝑖𝑛𝜑1 − 𝑙1𝜓̈ 𝑐𝑜𝑠( 𝜑1 + 𝛽) − 𝑙1𝜓̇
2 𝑠𝑖𝑛( 𝜑1 + 𝛽)) 

𝐽02𝜑̈2 + 𝑓2𝜑̇2 = 𝑇𝑒2 −𝑚2𝑟2(𝑦̈ 𝑐𝑜𝑠 𝜑2 + 𝑥̈ 𝑠𝑖𝑛𝜑2 + 𝑙2𝜓̈ 𝑐𝑜𝑠( 𝜑2 + 𝛽) + 𝑙2𝜓̇
2 𝑠𝑖𝑛( 𝜑2 + 𝛽))    (4)  

Where, 𝛥̇ = 𝑑𝛥/d𝑡, 𝛥̈ = 𝑑2𝛥/d𝑡2; J0i represents the moment of inertia of excitation motor i; J 
represents the total moment of inertia of the system, which can be approximated as J≈Mle2, le is 
the equivalent radius around which the vibrating body revolves; fi denotes the damping 
coefficient of the excitation motor, and Tei represents the electromagnetic output torque of 
motor i. 

To simplify the solution process, the following parameters are introduced: 

𝜔𝑥 = √
𝑘𝑥
𝑀
, 𝜉𝑥 =

𝑓𝑥

2√𝑘𝑥𝑀
, 𝑛𝑥 =

𝜔𝑥

𝜔𝑚
, 𝜔𝑦 = √

𝑘𝑦

𝑀
, 𝜉𝑦 =

𝑓𝑦

2√𝑘𝑦𝑀
,𝑛𝑦 =

𝜔𝑦

𝜔𝑚
 

 

𝜔𝜓 = √𝑘𝜓/𝐽𝑚, 𝜉𝜓 = 𝑓𝜓/(2√𝑘𝜓𝐽𝑚), 𝑛𝜓 = 𝜔𝜓/𝜔𝑚, 𝜂1 = 𝑚1/𝑀, 𝜂2 = 𝑚2/𝑀, 𝑟𝑙 = 𝑙/𝑙𝑒, 𝑙𝑒

= √𝐽/𝑀 

𝜂𝑗 = 𝜉𝑗𝜔𝑗, 𝜔𝑑𝑗 = 𝜔𝑗√1 − 𝜉𝑗
2, 𝛾𝑗 = 𝑎𝑟𝑐𝑡𝑎𝑛( 2𝜉𝑗𝑛𝑗/1 − 𝑛𝑗

2)，𝜌𝑗 = 1/√(1− 𝑛𝑗
2)2 + (2𝜉𝑗𝑛𝑗)

2 (5) 

By using modal superposition method, the steady-state responses of the system in all directions 
are obtained as follows: 

𝑥 = 𝑒−𝜂𝑥𝑡(𝑎𝑥 𝑠𝑖𝑛𝜔𝑑𝑥 𝑡 + 𝑏𝑥 𝑐𝑜𝑠𝜔𝑑𝑥 𝑡) + 𝑟𝜌𝑥[𝜂1 𝑐𝑜𝑠( 𝜑1 − 𝛾𝑥) − 𝜂2 𝑐𝑜𝑠( 𝜑2 − 𝛾𝑥)] 
𝑦 = 𝑒−𝜂𝑦𝑡(𝑎𝑦 𝑠𝑖𝑛𝜔𝑑𝑦 𝑡 + 𝑏𝑦 𝑐𝑜𝑠 𝜔𝑑𝑦 𝑡) + 𝑟𝜌𝑦[𝜂1 𝑠𝑖𝑛(𝜑1 − 𝛾𝑦) + 𝜂2 𝑠𝑖𝑛( 𝜑2 − 𝛾𝑦)] 
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𝜓 = 𝑒−𝜂𝜓𝑡(𝑎𝜓 𝑠𝑖𝑛𝜔𝑑𝜓 𝑡 + 𝑏𝜓 𝑐𝑜𝑠𝜔𝑑𝜓 𝑡) −
𝑟𝑟𝑙

𝑙
𝜌𝜓[𝜂1 𝑠𝑖𝑛( 𝜑1 + 𝛽 − 𝛾𝜓) + 𝜂2𝜌𝜓 𝑠𝑖𝑛( 𝜑2 + 𝛽 −

𝛾𝜓)]        (6) 

Where, the constants aj and bj are integration constants determined by the initial conditions 
and modal parameters of the system. 

During the screening process, materials mainly perform throwing motion. The screening state 
of materials can be divided into two stages: contact stage and non-contact stage. When the 
material does not contact the sieve surface, small factors such as air friction are ignored, and 
the material is only subjected to gravity. Therefore, the differential equation of the movement 
of the material in the non-collision phase can be expressed as: 

𝑦̈𝑚𝑤
= 𝑔; 𝑦̇𝑚𝑤

= 𝑔𝑡 + 𝑐1; 𝑦𝑚𝑤
= 𝑔𝑡2/2 + 𝑐1𝑡 + 𝑐2                                         (7) 

𝑦̈𝑚𝑤
= 𝑔; 𝑦̇𝑚𝑤

= 𝑔𝑡 + 𝑐1; 𝑦𝑚𝑤
= 𝑔𝑡2/2 + 𝑐1𝑡 + 𝑐2 

Where, c1 and c2 are constants that depend on the initial conditions. 

Introducing the coefficient of restitution into the law of conservation of momentum, the impact 
equation between the vibrating body M and the material mw are obtained as: 

𝜇𝑚𝑥̇𝑀+ + 𝑥̇𝑚𝑤+
= 𝜇𝑚𝑥̇𝑀− + 𝑥̇𝑚𝑤−

, 𝑥̇𝑀+ − 𝑥̇𝑀− = 𝑅(𝑥̇𝑚𝑤−
− 𝑥̇𝑀−) 

𝜇𝑚𝑦̇𝑀+ + 𝑦̇𝑚𝑤+ = 𝜇𝑚𝑦̇𝑀− + 𝑦̇𝑚𝑤−, 𝑦̇𝑀+ − 𝑦̇𝑀− = 𝑅(𝑦̇𝑚𝑤− − 𝑦̇𝑀−)                              (8) 

where, μm=M/mw; R is the coefficient of restitution; 𝑥̇𝑀− , 𝑥̇𝑀+ and 𝑦̇𝑀− , 𝑦̇𝑀+ represent the 
instantaneous velocities of the vibrating body M along the x and y directions before and after 
collision, respectively;  𝑥̇𝑚𝑤−

, 𝑥̇𝑚𝑤+
and 𝑦̇𝑚𝑤−

, 𝑦̇𝑚𝑤+
represent the instantaneous velocities of 

the material along the x and y directions before and after collision, respectively. 

Assuming that at the instant when the vibrating body M collides with the material mw, the non-
dimensional time t is 0, and at the instant before the next mutual collision, the non-dimensional 
time t is 2nπ/ωm. The boundary conditions for the displacement of the system under impact are 
obtained as follows: 

𝑥𝑀(0) = 𝑥𝑀(2𝑛𝜋/𝜔𝑚) = 𝑥𝑚𝑤
(0) = 𝑥𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑥𝑀0 

𝑦𝑀(0) = 𝑦𝑀(2𝑛𝜋/𝜔𝑚) = 𝑦𝑚𝑤
(0) == 𝑦𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑦𝑀0                               (9) 

Where,  𝑥𝑀0and 𝑦𝑀0represent the initial displacement of the vibrator that is the same as that of 
the material. 𝑥𝑀(𝛵), 𝑥𝑚𝑤

(𝛵) and 𝑦𝑀(𝛵), 𝑦𝑚𝑤
(𝛵) represent the displacements of the vibrator 

and material along the x and y directions at time T (T=0, 2nπ/ωm). 

Furthermore, the boundary conditions for velocity are obtained as: 

𝑥̇𝑀(0) =
1 − 𝜇𝑅

1 + 𝜇
𝑥̇𝑀(2𝑛𝜋/𝜔𝑚) +

𝜇(1 + 𝑅)

1 + 𝜇
𝑥̇𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑥̇𝑀0 

𝑦̇𝑀(0) =
1 − 𝜇𝑅

1 + 𝜇
𝑦̇𝑀(2𝑛𝜋/𝜔𝑚) +

𝜇(1 + 𝑅)

1 + 𝜇
𝑦̇𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑦̇𝑀0 

𝑥̇𝑚𝑤
(0) =

1 +𝑅

1 + 𝜇
𝑥̇𝑀(2𝑛𝜋/𝜔𝑚) +

𝜇 − 𝑅

1 + 𝜇
𝑥̇𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑥̇𝑚𝑤0 

𝑦̇𝑚𝑤
(0) =

1+𝑅

1+𝜇
𝑦̇𝑀(2𝑛𝜋/𝜔𝑚) +

𝜇−𝑅

1+𝜇
𝑦̇𝑚𝑤

(2𝑛𝜋/𝜔𝑚) = 𝑦̇𝑚𝑤0
                                 (10) 

Where, 𝑥̇𝑀0 , 𝑦̇𝑀0 and 𝑥̇𝑚𝑤0 , 𝑦̇𝑚𝑤0 represent the initial velocities of the vibrating body and 

material; 𝑥̇𝑀(𝛵), 𝑥̇𝑚𝑤
(𝛵) and 𝑦̇𝑀(𝛵), 𝑦̇𝑚𝑤

(𝛵) represent the velocities of the vibrating body and 

material along the x and y directions at time T. 

3. Nonlinear numerical analysis of vibration systems 

In order to further explore the relationship between system stability and parameter variation, 
numerical simulation is used to analyze the influence of different quality materials on the 
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nonlinear dynamic characteristics of the system. Assuming that the two drive motors have the 
same parameters, the basic parameters of the system are set as follows: 

Table 1 Essential parameters of the system 

Vibrating body       Eccentric rotors Electrical parameters Motor parameters 

m0=100 (kg) m1=4 (kg) Pe=0.12 (kw) np=2 

kx=89586 (N/m) 

ky=89586 (N/m) 

kψ=13560 
(N·m/rad) 

m2=6 (kg) 

r=0.03 (m) 

l=0.30 (m) 

V=380 (V) 

I= 0.4(A) 

f0=50 (Hz) 

ωm=157 (rad/s) 

Rs=0.435(Ω) 

Rr=0.816(Ω) 

fx=239 (N·s/m) β=60° / Ls=0.001(H) 

fy=139 (N·s/m) / / Lr=0.002(H) 

fψ=30 (N·m·s 
/rad) 

/ / Lm=0.0069(H) 

Jm=8 (kg·m2) / / / 

3.1. System dynamics characteristics of different material masses 

Fig. 2 shows the dynamic characteristics of the vibration system under the impact of 1kg 
material. In the screening process, the displacement response of the vibrating body along the x, 
y and ψ directions is shown in Fig. 2(a), (b) and (c). Compared with the operation without load, 
the amplitude of the vibrator impacted by the material fluctuates significantly in all directions. 
When the system runs stably, the phase diagram tracks in the x, y and ψ directions overlap with 
an ellipse, indicating that the vibrating body moves in a stable single period in all directions, as 
shown in Fig. 2(d), (e) and (f). The trajectory of the center of mass of the vibrating screen tends 
to be elliptical, as shown in Fig. 2(g). In the screening process, the motor speed was stable at 
157rad/s and was not affected by the impact of the material, as shown in Fig. 2(h). When 
mw=1kg, compared with no material (mw=0kg), the rotor stability phase difference of the two 
motors increases to 0.052rad. The instantaneous phase difference changes slightly when the 
material collides with the screen, and the mutation values are all 0.012rad, but the synchronous 
phase difference gradually becomes stable under the system's self-synchronous coupling, as 
shown in Fig. 2(i). In summary, the phase difference between the two motors presents an 
approximate periodic micro-mutation under the action of materials, indicating that the internal 
coupling synchronization relationship of the system ensures that the system dynamics 
characteristics are not significantly unstable under the impact of materials with a mass of 1kg. 

 
(a)                                              (b)                                              (c)                         
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(d)                                             (e)                                              (f)                          

 
(g)                                             (h)                                              (i)                          

Fig. 2. Numerical simulation results of the system when mw=1kg 

Fig. 3 shows the dynamic characteristics of the vibration system under the impact of 4kg 
material. In the x and ψ directions, the displacement response fluctuates significantly, as shown 
in Fig. 3(a) and (c). In the y direction, the displacement response fluctuates more violently, with 
a maximum amplitude of 1.8mm, as shown in Fig. 3(b). In the x, y and ψ directions, the violent 
fluctuations of displacement and velocity lead to the serious deviation of the trajectory of the 
phase diagram, and the number of orbits increases significantly, indicating that the motion of 
the system in the x, y and ψ directions is in a chaotic state, as shown in Fig. 3(d), (e) and (f). On 
the whole, the vibration system is affected by the impact of materials, and the motion state of 
the system is unstable, without stable running track, as shown in Fig. 3(g). When the material 
mass is increased to 4kg, the stable speed of the two motors is still maintained at 157rad/s, as 
shown in Fig. 3(h). Compared with no material impact, the rotor phase difference of the two 
motors increased by 0.046rad, and the material collision with the screen caused the 
instantaneous phase of the motor to fluctuate within the range of 0.02rad to 0.06rad, and the 
rotor phase difference could not be restored to the stable value, as shown in Fig. 3(i). This shows 
that when the system sieving large mass materials, the stable motion of the vibrating body 
cannot be realized only by the system self-synchronous coupling. 

 

 
(a)                                             (b)                                              (c)                               
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   (d)                                              (e)                                             (f)                                

 
(g)                                              (h)                                             (i)                                

Fig. 3. Numerical simulation results of the system when mw=4kg 

3.2. The velocity bifurcation of the vibrating body 

Assuming that the bifurcation coefficient is determined by the recovery coefficient R and the 
motor speed ωm and material quality mw. When R=0.1, ωm=157rad/s, the velocity bifurcation 
diagram of the vibrating body under the impact of different mass materials is shown in Fig. 4. 
When the mw is less than 2.4kg, the vibrating body exhibits stable double periodic motion in the 
x and y directions, the ψ direction is a single cycle motion. As the mass of the material increases, 
when the mw is between 2.4% -6.9%, the motion of the vibrating body in all directions changes 
from double periodic motion to multi periodic motion. When the mw exceeds 6.9kg, the motion 
of the vibrating body in all directions gradually evolves into chaotic motion. It can be seen that 
material impact has a significant impact on the motion stability of the vibrating body. As the 
mass ratio of the material to the vibrating body increases, the motion state of the vibrating body 
gradually tends towards chaos. 

 
(a)                                              (b)                                             (c)   

Fig. 4. Velocity bifurcation diagram of vibrating body 

4. Conclusion 

In this paper, the nonlinear dynamic characteristics of dual-rotor vibrating screen under 
material impact are analyzed. The main conclusions are as follows: 

(1) The motion of vibrating body in horizontal and vertical direction is significantly affected by 
the impact of material, while the swinging direction is less affected. With the increase of the 
mass ratio between the material and the vibrating body, the motion path of the vibrating body 
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center gradually changes from ellipse to chaos. The motion state of the system is bifurcated 
from single-period motion to multi-period motion, and gradually evolves into chaotic motion. 
Similarly, the increase of the material mass leads to the abrupt increase of the phase difference 
of the two rotors, and the self-synchronization cannot be stably realized. Material impact has 
no effect on motor speed. 

(2) The stability of periodic motion of a dual-rotor vibration system is studied, and the global 
bifurcation process from periodic motion to chaotic motion is explained. The parameter range 
of periodic motion is: single periodic motion when μm is less than 2.4%; multi-periodic motion 
when μm is between 2.4% and 6.9%; and chaotic motion when μm is greater than 6.9%. The 
bifurcation analysis of the system motion is helpful to judge the motion state of the vibration 
system in practical engineering. 
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