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Abstract 

For a graph, we have six families of endomorphisms: endomorphism, halfstrong 

endomorphism, locally strong endomorphism, quasi-strong endomorphism, strong 

endomorphism and automorphism. In order to describe the symmetry of a graph, U. Knauer 

define the endomorphism spectra and endomorphism types [see 1] of a graph. In this article, 

we give the endomorphism  types of trapezoidal  graphs. 
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1. Introduction 

Endomorphism monoid of graphs is a very important field of study, more and more people begin to 

explore the nature of endomorphism monoid. In recent years,  more and more results about the 

endomorphism monoid graph have been given. In[2], Hou characterize the endomorphism  types of 

generalized polygons.In [3], Fan explored the endomorphism  spectra of bipartite graphs with 

diameter three and girth six. There are many excellent conclusions to be made [4],[5],[6]. In this 

paper ,we consider the endomorphism  types  of  Trapezoidal  Graphs . 

2. Terminology. 

Let X  be a graph. Then X is called a trapezoidal  graphs  if      nn yyyxxxxV  ,,,, 2121 , 

where ix  is adjacent to  1ix  for any  1,2,1  ni  , and iy is adjacent to 1iy  for any 

 1,2,1  ni  , and  ix and  iy are andjacent in  for any  ni ,2,1 .  

We consider graphs  X with vertex set  )(XV and edge set )(XE  . Let  X and Y be two graphs, a 

mapping  f from   XV  to  YV  is called a endomorphism if f satisfy that    XEyx ,  implies 

      YEyfxf , .The endomorphism  f is called a halfstrong endomorphism if 

      YEyfxf ,  implies that there exist  )(1 xffx 


 ,  )(1 yffy 


  , such that    XEyx , . 

The endomorphism f  is called a locally strong endomorphism,if       YEyfxf ,  ,implies that 

for every preimages 


x  of  xf  ,there exists a preimage 
_

y  of  yf  such that    XEyx , ,and 

analogously for every preimage of  yf .The endomorphism f  is called a quasi-strong 

endomorphism,if       YEyfxf ,  implies that exists a preimage  Xx


of  xf  which is 

abjacent to every preimage of  yf  and analogously for every preimage of  yf .The endomorphism 

f  is called to be a strong endomorphism ,if       YEyfxf ,  implies that any preimage of   xf is 

abjacent to any preimage  yf  .The endomorphism f  is called to be a automorphism, if  f is a 

bijective and  
1f is an endomorphism . 

The sets of endomorphisms , half-strong endomorphisms ,locally strong endomorphisms , 

quasi-strong endomorphisms ,strong endomorphisms and automorphisms of  X are respectively 

denoted by  EndX,  HEndX,  LEndX,  QEndX,  SEndX, AutX. We have this sequence 
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AutXSEndXQEndXLEndXHEndXEndX  With the sequence ,we associate the 

sequece of respective cardinalities by 

 AutXSEndXQEndXLEndXHEndXEndXEndspecX ,,,,,  ,and call the 6-tuple the 

endomorphism spectrum of X .We associate with the above sequece a 5-tuple   54321 ,,,, sssss with 

  5,4,3,2,1,1,0  isi ,where 1 stands for   and 0 stands for   at the respective position in the above 

sequence. The integer 
15

1 2 

 i

ii s  is called the endomorphism type of X  . 

3. Main Result 

We consider the Endomorphism Types  of  Trapezoidal  Graphs .The main result is the following 

theorem. 

 If 2n ,the trapezoidal  graph is a complete bipartite graph .the endomorphism  types of generalized 

polygons have been given in []. In the following, we let 3n . 

Therem 2.1 Let  XTn  is a trapezoidal Graph .Then    XSEndXAut  . 

Proof. Take  XSEndf   and    bfaf   . Then    bNaN  .Apparently when 3n ,There are 

no two vertices with the same neighborhood in X .Therefore, any endomorphism f cannot put two 

vertices onto a vertices. So,  XAutf  . 

In conclusion ,    XSEndXAut  . 

Therem 2.2 Let  XTn  is a trapezoidal Graph .Then    XHEndXEnd   

Proof. Let   XTnX  , Define mapping as follows: 
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Then,  XEndgf , ,  fIVyx 11,  and    xEyx 11, .The preimage of  1xf  

is ,1x    11

1 xxff 
,the preimage of  1yf  is     864753 ,,,, xxxyyy , so , 1x  is not adjacent to 

1y .Therefore  XHEndgf , . 

In conclusion,    XHEndXEnd   when 3n . 

Therem 2.3 Let  XTn is a trapezoidal Graph .Then    XLEndXHEnd    

Proof. Let  XTn  be a trapezoidal Graph, Define the mapping as follows: 
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Apparently    xExx 43,  and  fIVxx 43, ,    3213

1 ,, xyxxf 
 ,    434

1 , xyxf 
.Due to the 

 3

1

1 xfx  ,but every preimages of 4x  is not adjacent to  1x . Then  XLEndf  . The image of f  

is a path with vertices  nxxx ,, 32 ,it is an induced subgraph. Hence  XHEndf  . 
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In conclusion,    XLEndXHEnd   when 3n . 

Therem 2.4 Let  XTn  is a trapezoidal Graph.Then    XQEndXLEnd   

Proof.When 3n ,for any of the vertex   XTnX  , define mapping as follows: 
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Absolutely,    fIEyx 11, ,    311

1 , xxxf 
,    311

1 , yyyf 
.For every preimages 

 1

1 xfx  ,there exists a preimage   1

1 yfy   such that    xEyx , .It is routine verify that 

 XLEndf  .And because of 1x  is not adjacent to 3y , 1y  is not adjacent to 3x .Then there is not 

preimage  1

1 xfx   such that x   is  adjacent to every vertices of  1

1 xf 
.It is routine to verify that 

 XQEndf  .so,    XQEndXLEnd   when 3n .Now we start to consider the case  4n . 

Divide vertex set of  XTn  into two parts,  ,,,, 4321 yxyxA   and  ,,,, 4321 xyxyB  .and the 

vertices of  A are not adjacent to vertices of   B,Thus  XTn  is a bipartite graph .Define mapping as 

follows: 
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1 xfx  ,there exists a preimage   1

2y f x  such that 

   xEyx , . analogously for every preimages of  2f x .so,  XLEndf  . 

Now we prove  XQEndf  .If  XQEndf  , there exists a preimage  ,,,, 4321 yxyxAx   of 

 1xf ,such that x  is  adjacent to every preimages of  2xf .In other words , x  is  adjacent to 

4321 ,,, xyxy .But, obviously, that's not true. Then  XQEndf  . 

In conclusion,    XQEndXLEnd   when 4n . 

Therem 2.5 Let  XTn  be a trapezoidal  Graph .Then    XSEndXLqEnd   

Proof.For any of the vertex   XTnX  , Define mapping as follows: 
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Apparently ,the image of homomorphism is a path. Take    fii IExx 1, ,then  ii xfx 1  , ix  is  

adjacent to ii yx ,1 .In other words ix  is  adjacent to every vertexes of  1

1





ixf .In the same way,for 

 1

1



 ii xfy , iy  is  adjacent to 1, ii yx , in other words, iy  is  adjacent to every vertexes of 

 ixf 1
.so  XQEndf  ,but ,  XSEndf  . Theorem 1 has been proved. 

In conclusion,    XSEndXLqEnd   when 3n . 

Through the whole article, we can get that  endomorphism types  of  trapezoidal  graphs as follows: 
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