International Journal oi Science Vol.5 No.12 2018 ISSN: 1813-4890

Existence of Periodic Loop Wave Solutions of Schrodinger Equation
with Distributed Delay

Chuanhai Xu *2 Yuhai Wu? and Lixin Tian 1?2

!Nonlinear Science Research Center, Faculty of Science, Jiangsu University, Zhenjiang, Jiangsu
212013, China;

2School of Mathematical Sciences, Nanjing Normal University, Nanjing, Jiangsu, 210023, China.
8ch53301@mail.ujs.edu.cn

Abstract

In this paper we discuss existence problem of travelling wave solutions of a class of nonlinear
Schrdadinger equation with time delay. When the parameter is sufficiently small we establish
results of the existence of periodic loop solutions of the nonlinear Schr&linger equation with
time delay by the geometric singular perturbation theory and the Melnikov function method.
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1. Introduction

The nonlinear Schré&ldinger (NLS) equation which describes the law of the state of microscopic
particles evoluting with time is widely applied in many fields, including nonlinear optics, atom.
solid state physics, nuclear physics, chemistry and other fields [1-6]. This equation is completely
integrable and its solitons, especially traveling wave solutions has been ongoing to investigate for
several years [7-14].

The numerical analysis the effect of time delay on the solution of the NLS equation in [15-16]. Yang
et al [17, 18] discuss the NLS equation with delay term that has much actual significance. Zhao and
Ge [19] investigate the NLS equation with distributed delay and give the conditions that assure
existence of the solitary wave and periodic solutions. We investigate existence of kink and anti-kink
wave solutions in the distributed delay equation in [22]. We’ll continue to study the NLS distributed
delay equation and discuss existence of periodic loop wave solutions.

We’ll consider the following NLS equation with distributed delay,
iU, +U,, — f*UU[ =0 (U[), =0, —o0 <t <+o0, —o0 < X < +00, (1.2)

where 7 >0 is time delay, 7 U (|U |2)X means the nonlinear response delay term and 7 = J:wtf (t)dt,

the convolution f *U is defined by

(F*U)xt) =] fE-s)U(xs)ds, (1.2)
and the kernel f :[0,+%0) —>[0,+x) , that satisfies: f()>0 for all t>0 and
[, " f(dt =1, 1 (t) e L((0,+00),R) .

If z=0and f(t)=05(t), where & denotes Dirac & function, Eq. (1.1) turns to the corresponding
undelayed and undisturbed NLS equation:

iU, +U,, ~UU[* =0. (1.3)
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In addition, if the different delay kernels were chosen, then the different types equations can be
derived from Eq. (1.3) . For example, when we take the kernel to be f(t)=0o(t), then Eq. (1.1)

becomes the corresponding original NLS equation: iU, +U,, ~UU[* —2U (U["), =0.

Ant n—le—ﬂt

Gamma distribution delay kernel is often used f (t) = W

, h=12.. where A>0 isaconstant,

n is a integer, with the average delay 7 =n/1 > 0.

Two special cases f(t)=1e‘t/f (n=1) and f(t)=ize“/’ (n=2) are called the weak generic
T T

kernel and the strong generic kernel, respectively.
In this paper, the distributed delay kernel f(t) of Eq. (1.1) has the following form

F(t)= et (L4)
T

where the parameter w > 0.

The remaining parts are organized as follows. In Section 2, some preliminary theory and discussion
are introduced. The periodic loop orbits of traveling waves for the non-delay equation (1.3) are given.
In Section 3, we transform Eq. (1.1) with the strong generic kernel into a non-delay four-dimensional
ordinary differential system. When the parameter z is sufficiently small, he four-dimensional
ordinary differential system is reduced to the two-dimensional system by the singular perturbation
theory. We’ll prove that there exists the periodic loop wave solutions of system (1.1) with the
Melnikov function method.

2. Preliminaries

With traveling wave transformation, U (x,t) = ¢(&)e'?, E=x—ct, &=ax—wt, and ¢>0, where ¢
is real valued function and represents the amplitude of the traveling wave with wave number
a>0and frequency w>0.

Now substituting U (x,t) = ¢(&)e'’ = p(x —ct)e'™@ ™ into the non-delay Eq. (1.3), one gets
W+ —a’p+¢® =0,

(2.1)
—Cco'+2a¢’ =0,
where ‘denotes the derivative with respect to the variable ¢&.
Let a=c/2 and x=w—-c?/4, Eq. (2.1) becomes
9" =—up+¢’. (2.2)
Taking u=g//u and z=./u& to Eq. (2.2), one gets
U=-u+u’ (2.3)
where -denotes the derivative with respect to the variable z .
Namely
u=yv,
. . (2.4)
V=—Uu+U

Lemma 2.1 Inthe (u,v) phase plane, Eq. (2.4) has a periodic loop orbit around the center (0,0), so
the periodic wave solution of non-delay equation (1.3) exists.

Proof. It’s easy to see that Eq. (2.4) has three critical points (0,0), (£1,0). The origin is a center and
(£1,0) are saddles. Eq. (2.4) is a Hamiltonian system with the Hamiltonian function
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H(u,v) =u*-2u®-2v>, (2.5)
Let H(u,v) =k, and when k=-1, it has a heteroclinic loop connected by the two critical points
(£1,0), namely v = i\/i/ 2(u®-1), so the corresponding kink wave and anti-kink wave solutions of
the non-delay equation (1.3) exist. When —-1<k<O0 , system (2.4) has a periodic orbit
v:i\/i/leu“ —2u% -k, —v1-1+k <u<+1-+1+k, so the corresponding periodic wave
solution of non-delay equation (1.3) exists.

To study the existence problem of the periodic orbit of the above ODE, we need the following
Geometric Singular Perturbation Theorem [23-24].

Lemma 2.2 (Geometric Singular Perturbation Theorem). For the system
X'(t) = f(xy.¢),
y'(t) =eg(x,y, ),

where xeR",y e R'and ¢ is a real parameter, f,gare C*ontheset Vx| ,where VeR™and | is

an open interval, containing 0. If when £=0, the system has a compact, normally hyperbolic
manifold of critical points M, , which is contained in the set {f(x,y,0)=0}. Then for any

0<r<+oo, if £>0, but sufficiently small, there exists a manifold M, :

(2.6)

(i) which is locally invariant under the flow of (2.6);

(i) whichis C"in x,y and ¢;

(iii) M, ={(x,y):x=h*(y)} for some C" function h“(y) and y in some compact K ;

(iv) there exist locally invariant stable and unstable manifolds W*(M,) and W"“(M,) that lie within
O(¢), and are diffeomorphic to W*(M,) and W"“(M,) respectively.

3. Existence of Solitary Wave of the Equation with Delay

Let U(x,t) = p(&)e' = p(x—ct)e'® ™ | and substituting it into Eq. (1.1), one gets

Wo+¢"—a’p—(g*p)p’ —2tp°p' =0, (3.1)
—cop'+2a¢’ =0,
where
o § 3
(9+9)(&) =], e "p(&+cs)ds. (32)

Let a=c/2 and u=w-c?/4, the system (3.1) with (3.2) is rewritten as

¢~ up—(9*p)p° —219°¢' =0, (3.3)
where ' denotes the derivative with respect to the variable ¢&.

Taking u=¢/\/u and z=./ué to Eq. (3.3) with (3.2), it becomes
U =—u+ (g *u)u? + 27,/ puu’u, (3.4)
where -denotes the derivative with respect to the variable z and

(@@= T—ieiw(ﬁws)ds. 5)

Let p(z) =(g*u)(z).
Differentiating p with respect to z, one gets that
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dp 1

L] (36)

z
Ju
Differentiating g with respectto z, one gets
dqg 1
—= —-u). 3.7
2 Jace @Y (3.7)
Let v=u, Eq. (3.4) can be rewritten as
u=yv,

where q(z) = J:OO 1e_?u( +cs)ds .
T

V=—U-+u’p+2z./uuy,
Jucm=p-q,
Jucm=g-u.
When 7 =0, the system (3.8) becomes the following system
u=yv,

(3.8)

V=-u+u’p,
0= p-q,
0=q-u.
Namely
U=-u+u®. (3.9)

When 7>0, the system (3.8) determines a system of ODEs and its solutions exist in the
four-dimensional (u,v, p,q) phase space in which system (3.9) has three critical points:

(0,0,0,0), (1,0,1)) and (-1,0,-1,-1).

Let z =177, the system (3.8) turns to the following fast system:
u' =1,
V' = 7(-u+u?p+27,/uu?v),
Jucp'=p-q,
Jueq' =q-u.

where ’‘denotes the derivative by 7. If >0, the slow system (3.8) and the fast system (3.10) are
equivalent.

In the slow system (3.8), if z=0, the flow of this system is confined to the following set
M, ={(u,v, p,q) e R*, p=q=u}, which is a two-dimensional invariant manifold for the system
(3.8). It’s easy to obtain that M, is normally hyperbolic by the method of the linearization matrix [22,

26, 28]. According to the Geometric Singular Perturbation Theorem, there exists a locally invariant
two-manifold M, with sufficiently small = >0, which can be expressed as

(3.10)

M_={(u,v, p,q) eR*:p=q+¢u,v,7),q=u+w(U,v,7)}, (3.11)
where ¢,y depend smoothly on 7 and satisfy ¢(u,v,0) = (u,v,0)=0.
We expand the functions ¢ and y into the following form

278



International Journal oi Science Vol.5 No.12 2018 ISSN: 1813-4890

#U,V, 7) =74,(U,V) +7°6, (U, V) ++--,

(3.12)
w(U,V,7) =7, (U, V) + 77, (U, V) +---.
Substituting (3.11) into the slow system (3.8), we get
\/_c{v+( ¢ a‘/’) H %, "’)( U+UP(U+@+y)+2c U v)}: &,
(3.13)

\/_c{ +—v+—( u+u (u+¢+z//)+21\/_u v)}

Substituting (3.12) into (3.13), one gets ¢ =+/ucv, w, =/ ucv.
Thus (3.11) becomes
M. ={(u,v, p,q) eR*:p=u+2c/ucv+0(r2),q =u+7/ucv+O(c%)}.  (3.14)
Then the slow system (3.8) restricted to M is written as
u'=v,
V' =—U+U + 20/ (c+Dudv +O(c2).

When 7 =0, the system (3.15) reduces to the wave equation (2.4) of the corresponding non-delay
system (1.3).

When 7 =0, the system (3.15) has a periodic loop L. Generally speaking, the periodic orbits will
break as z =0 and small. According to the Melnikov function method [26-28],

Let d(z, L) =—n,-M*M", where n, = (H,(M,),H,(M,))/|(H,(M,)=H,(M,)) [20-21], we obtain
the following theorem.

(3.15)

Figure 1. Orbits of system (3.15) for the case 0<7 <<1,
Theorem 3.1 For 7 >0, but sufficiently small, we have

d(z,L)=7-N-M(L)+0(z?), (3.16)

where M (L) = %(c +1)h(k) +O(z), h(k) >0, Vk € (-1,0) and N >0 is a constant.

Proof. Rewrite system (3.15) into

u'=v+P(u,v),
s (3.17)
V' =—u+u’+7Q(u,v),

where
P(u,v) =0,

Q(u,v) =2/ u(c+Yu>v+0(x).
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Form [20, 21, 27, 28] and noticing that system (3.17)|T:O is Hamiltonian, we have (3.16), and
M (L) = | [H,Q—(=H,P)IX; (s)ds= [ Q(u,v(u))du— [ Pu(v),v)dv,

where X (s),—oo < s < +oo, IS a parametric expression for |

By lemma 2.1, we have the expression for | :

vZ(u) =%(u4 —2u% —Kk), —V1-+1+k <u<+1-+1+Kk,
Hence, M (L) = J.LQ(u,v(u))dU = M(c +1)h(k) +O(7) ,

where ) Jll(ﬁElllptch( 1= F”“) + (3K + 4)y/1+ v+ k (EllipticE ( F“H'z EllipticK ( . F”))
+1+

2
and yzw—%. By calculation of mathematical software, it can be proved that h(k) >0 when

—-1<k<0.
Furthermore, by noting thatas c=-1,7=0, M (L) =0, we get
M (L) 8 1
P [CORS) ZE\/;,,U:W—Zio.
For 0 <7 <<1, when ceU(-1), according to the Implicit Function Theorem, we have that there
exists a function ¢ =—-1+0O(r) suchthat d(z,L)=0. From the definition of the function d(z,L), we

conclude that system (3.15) has a periodic loop orbit for 0 <z <<1. In other words, system (1.1) has a
periodic loop wave solution for 0 <7 <<1.

4. Conclusion

In this work, by the geometric singular perturbation theory and the Melnikov function method we
establish existence of periodic loop wave solutions for the NLS equation with distributed delay
having form (1.1) when 0 <7 <<1, ¢ =-1+0(7).
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