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Abstract 
We expands the dynamic duopoly of renewable resource in three different contracts of 
resource stock feedback under Cournot duopoly, monopoly equilibrium, linear feedback 
and nonlinear feedback strategies. Which shows under linear combination of output and 
linear combination of sales revenue contracts, the duopoly is more anti-competitive than 
monopoly as Fujiwara showed. Moreover, these results also valid that the price under 
monopoly is much more lower than other two feedback equilibrium. But under the 
contract of market share, the price of duopoly is much higher than nonlinear feedback 
strategies, which is contrast to the Fujiwara’s conclusion. 
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1. Introduction 

This paper studies dynamic Cournot duopoly under three different contracts which is focus on 
output, sales revenue and market share. Tsutsui and Mino (1990) first absorbed sticky prices 
discuss nonlinear strategies in duopoly game which based on Fershtman and Kamien (1987) 
showed that duopoly has much more larger output than linear and nonlinear feedback. 
However, Fujiwara (2008) show that under the assumption of closed-loop Nash strategy 
(Rowat, 2007), among monopoly, static duopoly, linear and nonlinear feedback Nash solutions, 
linear feedback output turns out the smallest resource stock which is sharply contrasts with 
the Fershtman and kamien (1987) showed. 
Lots of research (Lambertini, 2015 and 2016) on dynamic duopoly are based on open-loop 
Nash equilibrium. However, Benchekroun (2003) show that feedback under closed-loop Nash 
equilibrium strategies much better than open-loop. 
To examine Fujiwara’s issue, we propose an expanding dynamic duopoly game investigated by 
Benchekroun (2003), Fujwara (2008) under three different types of contracts. One is based on 
sales revenue, others are based on output and market shares. Compared with state-owned 
enterprises and large enterprises, the increase of commercial credit is more helpful to promote 
the technological innovation of private enterprises and small enterprises(Liu, 2021). 
In this paper we extend three different types under closed-loop information, our main idea can 
be summarized as follow, based on the contracts of output and sales revenue. 1) The output 
under monopoly is much higher than both linear and nonlinear feedback in contracts. 2) 
Duopoly is much less competitive than monopoly, which is validated the Fujwara’s conclusion. 
But under the contract of market shares, the price of duopoly is much higher than nonlinear 
feedback strategies, which is sharply contrast to the Fujiwara’s conclusion. 
The remainder of our paper can be organized as follows. In section 2 set up the model. In section 
3 derives the linear and nonlinear feedback strategies under different types of contracts. In 
section 4 compares them among equilibriums and finally conclusion in section 5. 
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2. The Model 

The duopoly model is an extension of Benchekroun (2003) and Fujiwara (2008). The market is 
supplied by two firms (firm 1 and firm 2) producing a homogeneous good. The inverse demand 
function is denoted by  p = a − X, with X = ∑ x , a>0 and p is the price. Both firms share the 
same technology and the marginal cost c ∈ (0, a)  constant over time t ∈ [0, ∞) . Both firms 
exploit the common renewable resource, which is described as: 
 

Ṡ = kS − X                                                                       (1) 
 
Where S is the stock of resource, k>0 is its growth rate andX = x + x , the ith firm maximizes 
the discounted sum of profits can be formulated as: 
 

∫ e a − c − x −x x dt,   r > 0,                                                   (2) 

 
Here r>0 is the discount rate. Common to both firm 1 and firm 2 constant over time. 
Contract 1. Ritz (2008), linear combination of sales revenue is given by:  
 

M = a − cφ − x −x x  

 
Contract 2.  Vickers (1985), linear combination of output is given by:  
 

M = a − c − x −x + θ x  

 
Here we assume θ is constant and θ>0. 
Contract 3. Linear combination on market share is given by: 
 

M = a − c − x −x x +
μ

2
 

 
Here, μ is advertising effort. 

3. Feedback Nash Equilibrium 

The set up is following Fujiwara (2008), the firm i’s Hamilton–Jacobi–Bellman can be written 
as:  
 

rV(S) = max
x

a − c − x − x (s) x + V′(S) kS − x − x (s)                            (3) 

 
Where V (.) is firm i’s value function. 

3.1. Type-1 Contract 
With the incentives for sales revenue, the firm i’s Hamilton–Jacobi–Bellman can be rewritten 
as:  
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rV(S) = max
x

a − x − x (s) − φc x + V (S) kS − x − x (s)                          (4) 

 
The first order condition for firm i is: 
 

V (S) = a − φc − 3x 
 
Here we use the symmetry assumption of x (S) = x (S) = x(S), substituting it into equation (6) 
and differentiating it, then we can get: 
 

x (S) =
(k − r)[(3x(S) − (a − φc)]

8x − 3kS − (a − φc)
 

 
With the terminal condition lim

→
e V(S) = 0(Fujiwara, 2008), we can get: 

 

x (S) = 0 ↔ x(S) =
a − φc

3
 

Ṡ = 0 ↔ x(S) =
kS

2
 

3.1.1. Linear Feedback Strategy 
Follow Fujiwara (2008) assumed, the strategy is x(S) = αS + β, which is linear in S. And, extend 
it in our contact 1, we can get: 
 

x (S) = α =
(k − r)[3x(S) − (a − φc)]

8x(S) − 3kS − (a − φc)
 

 
Which we can rewrite as below: 
 

α =
(k − r)[3(αS + β) − (a − φc)]

8(SαS + β) − 3kS − (a − φc)
 

 
From this equation, we can solve: 
 

α =
6k − 3r

8
 

β =
(−2k + 5r)(a − φc)

24k
 

 
With the steady state condition, we can get the linear feedback Nash Equilibrium as: 
 

S =
(2k − 5r)(a − φc)

3k(2k − 3r)
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For the condition[14] k>5r/2, which means the renewable property is strong enough. 
3.1.2. Nonlinear Feedback Strategy 
Following Tsutsui and Mino (1990) and Fujiwara (2008), at the tangent point x’(S) =k/2, the 
equation x’(S) can be rewritten as: 
 

k

2
=

(k − r)[
3kS

2
− (a − φc)]

kS − (a − φc)
 

 
Solve this equation by S, we have the nonlinear feedback as: 
 

S =
(k − 2r)(a − φc)

k(2k − 3r)
 

 
So, it is easy to show that: 
 

S =
2(a − φc)

3k
 

 
When the market is under monopolize, we can show that: 
 

S =
(a − φc)

2k
 

3.2. Type-2 Contract 
With the incentives for output, the firm i’s Hamilton–Jacobi–Bellman can be written as:  
 

rV(S) = max
x

a − c − x − x (s) + θ x + V (S) kS − x − x (s)                        (5) 

 
As it is relatively showed before, we can get the: 
 

V (S) = a − c − 3x + θ 
 
And, 
 

x (S) =
(k − r)[3x(s) − (a − c) − θ]

8x(S) − 3kS − (a − c) − θ
 

 
As the same way before, we can get: 
 

α =
6k − 3r

8
 

β =
(−2k + 5r)[(a − c) + θ]

24k
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So, the linear and nonlinear feedback in contract-2 as below: 
 

S =
(2k − 5r)[(a − c) + θ]

3k(2k − 3r)
 

S =
(k − 2r)[(a − c) + θ]

k(2k − 3r)
 

 
It is easy to show the duopoly and monopoly are: 
 

S =
2(a − c + θ)

3k
 

 
And: 
 

S =
(a − c)

2k
 

3.3. Type-3 Contract 
With the incentives for market share, the firm i’s Hamilton–Jacobi–Bellman can be written as: 
 

rV(S) = max
xi

a − c − x − x (s) x +
μ

2
+ V (S) μ(kS − x − x (s))  

 
The same way, we can get: 
 

V (S) =
r(a − c − 3x)

μ
 

 
And: 
 

μ = V (S)(kS − 2x) 

S =
6μx + a − c

3μk
 

S =
2(a − c)

3k
 

4. Comparison of Different Equilibrium 

As we calculated so far, what we want to do is comparison of different equilibrium among 
Cournot duopoly, monopoly equilibrium, linear feedback and nonlinear feedback strategies. 
Under all assumptions and all we prepared so far, basic on the contracts under output and sales 
revenues, we can easily get that: 
 

S > S > S > S ,  
 
And: 
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S > S > S > S  

 
Lemma 1. 
Under contracts of output and sales revenues, we can show S > S > S > S . 
Here, S   is denoted by stock of resource under duopoly,  S  is denoted by the stock of resource 
under monopoly. 
Lemma 2.  
Under contracts of market share, we can show S > S . 
Proof. It is easy to show that: 
 

S =
2(a − c)

3k
 

 
As: 
 

x =
2(a − c)

3
 

 
We can easy show that: 

S > S  

5. Conclusion 

Here in this paper we revisited dynamic renewable resource duopoly proposed by Fujiwara 
(2008) and extension it into different three types of contracts. One is based on sales revenue, 
the others are based on output and market share. Compared among the equilibriums, we can 
valid that under contract of market share, the duopoly is not less competitive which is sharply 
contrast to Fujiwara’s conclusion. This most main contribution of this paper is to show that the 
conclusions of Fujiwara (2008) is not applicable for all of the contracts. 
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